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ABSTRACT 
We characterize the nuclearity of C(X), the vector space of the continuous functions from a zero- 
dimensional Hausdorff topological space into a non-archimedean valued field K, equipped with the 
compact-open topology. The nuclearity for the vectorvalued case-continuous functions with 
values in a locally convex space-is obtained as a result of the study of non-archimedean nuclearity 
and topological tensor products. 
I. INTRODUCTION 
Throughout this paper K is a non-archimedean (n.a.), non-trivially valued, 
complete field, with valuation / . 1. A subset B of a n.a. locally convex space 
E over K is called compactoid if for each zero-neighbourhood V in E there ex- 
ists a finite subset S of E such that BC Co(S) + V, with Co(S) = the absolutely 
convex hull of S. 
A linear map T from a locally convex space E to a locally convex space F 
is called compact if there exists a zero-neighbourhood V in E such that T(V) 
is compactoid in F. We denote by C(E, F) the vector space of the compact maps 
from E to F, and by L(E,F) the vector space of the continuous linear maps 
from E to F. 
If p is a (n.a.) semi-norm on E we denote by E,, the vector space E/Kerp, 
and by n,:E-+E, the canonical surjection. The space Ep is normed by 
~ln,(x)l~ =p(x). If q is a semi-norm on E with psq there exists a canonical map 
VP4 . 
-Eq+ Ep such that ~)~~orr~= rrp. The locally convex space E is called 
nuclear if for every continuous semi-norm p on E there exists a continuous 
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semi-norm q on E with ps q, and such that the map 0)~~ is compact. (See [2]; 
also for basic properties of n.a. nuclear spaces.) We give some equivalent 
definitions of a nuclear space in proposition 2.4. 
Let E and F be locally convex Hausdorff spaces. Then on the tensorproduct 
E@ F one defines the n-topology and the &-topology as in [6]. In that paper it 
is proved that these topologies coincide if K is spherically complete. We im- 
prove this result in 2.3. For all information on locally convex spaces we refer 
to [7] if K is spherically complete and to [5] if K is not spherically complete. 
2. TOPOLOGICALTENSOR PRODUCTS AND NUCLEARITY 
2.1. LEMMA 
Let E, F be locally convex Hausdorff spaces over K, 0 < C < 1, and q a fixed 
continuous semi-norm on F. Then every z E E@ F can be written as 
z= C:=, X;@yi with x1 ,..., x~EE,_Y, ,..., _Y~EF, and such that 
(*) q(i a;Yi)Lt.max{l(~ilq(yi); i=l,...,k} for al,a,,...,(~k~K 
r=, 
(an analogous property holds for a continuous semi-norm p on E). 
PROOF 
We fix O<t<l and q as above. For z~E@F, z=C,“,, Uj@Oj we put 
s= [Q(h), .*a, nJu,)] c Fq. Then dim S = n 5 m. If n = 0 then (*) is satisfied. If 
n > 0, let (rc,(e, ), 7rq(e2), . . . , n,(e,)) be a t-orthogonal basis for S. Then for all 
aI,a2, . . ..akeK. 
(**) 4(,!, a/e/) 2 t. mad la, I4(eA 
Now, for j= 1, . . . . n, uj = Cy=, Poe,+sj, SjEKerq. This gives Z= C:=, Xi@Yi, 
where k=m+n; xi=uj, for i=l,..., m; x;=b,, for i=m+l, I=1 ,..., n; yi=Si 
for i= 1, . . . ,m and yi = e, for i = m + I, I = 1, . . . , n. Finally, because of (**) we 
obtain 
q(i aiyi)=q(i alel)rtmax{Ja,lq(e~); I=l,...,n} 
i=/ /=I 
=tmax{I~~~Iq(_~i); i=i,...,k}, 
and we are done. 
2.2. REMARK 
If E is polar, we can assume that a fundamental system of semi-norms 
determining the topology of E is given by semi-norms p of the form p(x) = 
suPof(x fe u”>, where the sets U form a fundamental system of polar 
zero-neighbourhoods in E. 
2.3. THEOREM 
If E and F are polar Hausdorff spaces then on E 0 F the topologies 7c and 
E coincide. 
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PROOF 
Take p and q, polar continuous semi-norms on E and F as described in 2.2 
andput U={XEE;~(X)I~}, V={yeF;q(y)sl}. LetnowzEE@Fbewrit- 
ten as in 2.1, z= If_, x, @yi. Then it follows easily that Z&Z) 5 t-‘euv(z). 
For the rest of the proof see [6] p. 558. 
2.4. PROPOSITION 
Let E be a locally convex Hausdorff space. Then the following are 
equivalent: 
i) E is nuclear. 
ii) L(E, F) = C(E, F) for all normed spaces F. 
iii) L(E, F) = C(E, F) for all Banach spaces F. 
iv) For every continuous semi-norm p on E the canonical map rc,, :E -+ EP is 
compact. 
(The proof is essentially contained in [l]). 
2.5. COROLLARIES 
A locally convex Hausdorff space E is nuclear if and only if its completion 
E is nuclear. 
Let E be a locally convex Hausdorff space and F a dense subspace of E. Then 
E is nuclear if and only if F is nuclear. 
2.6. PROPOSITION 
Let E, F,E,, F, be locally convex Hausdorff spaces, TE C(E, F), and 
T, E C(E,, F,). Then the linear map T@ T, : E@, E, + F@,F,, defined by 
(T@T,)(x@y)= T(x)@ T,(y) is compact. 
(The proof is a direct application of [6] p. 557). 
2.7. THEOREM 
Let E and F be locally convex Hausdorff spaces. Then the following are 
equivalent: 
i) E and F are nuclear. 
ii) EF,F is nuclear. 
iii) E@, F, the completion of E@, F, is nuclear. 
If E and F are polar spaces the above are equivalent to: 
iv) E 0, F is nuclear. 
v) E@, F is nuclear. 
(For the proof use 2.5, 2.6, and the isometries described in [6] p. 557. 
3. THE NUCLEARITY OF C(X) 
3.1. NOTATIONS 
Let X be a zero-dimensional Hausdorff space and 
C(X) = {f: X-t K; f is continuous}. 
We denote by r, the compact-open topology on C(X) and by rP the topology 
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of pointwise convergence. Finally, t, stands for the weak topology a(C(X), 
C(X)‘), where C(X)‘=(C(X), r,)‘. Note that with each of these topologies 
C(X) is a polar space. 
3.2. PROPOSITION 
The space C(X), r, is of countable type if and only if every compact subset 
of X is ultrametrizable. 
(For the proof use [S] : 3T and 5.24). 
3.3. THEOREM 
The following are equivalent: 
i) The space C(X), r, is nuclear. 
ii) Every r,-bounded subset of C(X) is z,-compactoid. 
iii) Every compact subset of X is finite. 
iv) On C(X) the topologies r, and rp coincide. 
v) On C(X) the topologies 5, and T, coincide. 
vi) Every r,-compactoid subset of C(X) is r,-compactoid. 
vii) Every r,-compactoid subset of C(X) is r,-compactoid. 
viii) The space C(X), r, is of countable type and in C(X) every r,-Cauchy se- 
quence is r,-Cauchy. 
If C(X), r, is sequentially complete then the above conditions are equivalent to 
ix) The space C(X), r, is of countable type and in C(X) every r,-convergent 
sequence is t,-convergent . 
If C(X), r, is complete (which in this case is the same as quasi-complete, (see 
[3] prop. [6]) then the conditions i) to viii) are equivalent to 
x) The topology on X is discrete. 
PROOF 
i) * ii): see [l]. 
ii) j iii): Suppose X contains an infinite compact subset A. Then the Banach 
space C(A), II . IL4 contains an infinite t-orthogonal (0 < t < 1) sequence (f,) such 
that 
O<kr ilf,llA<l, for all n. 
By [7] 5.24, each of the f, has an extension g,EC(X) with Ilf,llA = 
SUP{I&(X)Ii XEXI. 
By ii) the sequence (g,) is compactoid in C(X), r, and therefore the sequence 
(f,) is compactoid in C(A), 11 . IIA. By [7] 4.37 this is a contradiction. 
iii) j iv), iv) a v), v) a i), v) q vi), vi) a ii), and iv) e vii) are trivial. 
iii) * viii): follows from proposition 3.2 
viii) =. iii): If X contains an infinite compact subset A, then by 3.2, A con- 
tains a convergent sequence (x,) consisting of mutually distinct points. Put 
lim x,, =x E A. Let (V,) be a decreasing sequence of clopen neighbourhoods of 
x such that for all n we have x,, . E V, \ V, + 1 and denote by x,, the characteristic 
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function of V,. Then 01,) is a sequence in C(X) which is rP-Cauchy. But it is 
not a Cauchy-sequence in C(X), rc. 
viii) 9 ix) and x) = i) are easy, and iii) 3 x) follows from [4] theorem 5. 
3.4. REMARK 
The conditions i) to vii) are not equivalent to 
(*) C(X), T, is of countable type and in C(X) every r,-Cauchy sequence is 
s,-Cauchy. Indeed, take e.g. X=Z,, K=Qp. 
4. THE VECTOR-VALUED CASE 
4. I. NOTATIONS 
In this section E is a locally convex Hausdorff space, the topology of which 
is determined by a family 9 of semi-norms. Further, X is a zero-dimensional 
Hausdorff topological space. We denote by C(X, E) the vector space of the con- 
tinuous maps from X to E. On C(X,E) we define a family of semi-norms 
bK,p; KCX,Kcompact,p~~},byqK,,(f)=sup{p(f(x));x~K},f~C(X,E). 
The locally convex topology generated by this family of semi-norms will be 
denoted by T, and is again called the compact-open topology on C(X, E). The 
nuclearity of C(X, E), T, is now characterized. 
4.2. THEOREM 
The space C(X, E), T, is nuclear if and only if the spaces E and C(X), rc are 
nuclear. 
PROOF 
We consider the linear map 
T:C(X)@,E+C(X,E), T, where for z= iJ;@QjEC(X)@E, 
,/=I 
T(z) is defined by T(Z)(X) = i fj(X)aj, x E X. 
/=I 
Then Tis injective and continuous. By 2.5 and 2.7 it is now sufficient to prove 
that T: C(X) 0, E -+ Im T is open and that Im T is dense in C(X, E). The first 
statement follows directly from 2.1 and the second is obtained by a standard 
reasoning considering for x E X the clopen sets V, = {Z E X; p(f(x) -f(z)) I E} . 
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